On the Eccentricity Distribution of Short-Period Single-Planet Systems by Wang, Ji & Ford, Eric B.
ar
X
iv
:1
10
8.
18
11
v1
  [
as
tro
-p
h.E
P]
  8
 A
ug
 20
11
Mon. Not. R. Astron. Soc. 000, 1–14 (2002) Printed 23 October 2018 (MN LATEX style file v2.2)
On the Eccentricity Distribution of Short-Period Single-Planet
Systems
Ji Wang1 and Eric B. Ford1⋆⋆
1Department of Astronomy, University of Florida, 211 Bryant Space Science Center, Gainesville, FL, USA, 32611
23 October 2018
ABSTRACT
We apply standard Markov chain Monte Carlo (MCMC) analysis techniques for 50 short-
period, single-planet systems discovered with radial velocity technique. We develop a new
method for accessing the significance of a non-zero orbital eccentricity, namely Γ analysis,
which combines frequentist bootstrap approach with Bayesian analysis of each simulated data
set. We find the eccentricity estimations from Γ analysis are generally consistent with results
from both standard MCMC analysis and previous references. The Γ method is particular use-
ful for assessing the significance of small eccentricities. Our results suggest that the current
sample size is insufficient to draw robust conclusions about the roles of tidal interaction and
perturbations in shaping the eccentricity distribution of short-period single-planet systems.
We use a Bayesian population analysis to show that a mixture of analytical distributions is a
good approximation of the underlying eccentricity distribution. For short-period planets, we
find the most probable values of parameters in the analytical functions given the observed
eccentricities. These analytical functions can be used in theoretical investigations or as pri-
ors for the eccentricity distribution when analyzing short-period planets. As the measurement
precision improves and sample size increases, the method can be applied to more complex
parametrizations for the underlying distribution of eccentricity for extrasolar planetary sys-
tems.
Key words: methods: statistical-planetary systems-techniques: radial velocity.
1 INTRODUCTION
The discovery of exoplanets has significantly advanced our
understanding of formation and evolution of planetary sys-
tem (Wolszczan 1994; Mayor & Queloz 1995; Marcy & Butler
1996). As of February 2011, over 500 exoplanets have been discov-
ered including 410 systems detected by radial velocity (RV) tech-
nique1. The eccentricity distribution of exoplanets is very different
from that of solar system. For sufficiently short-period planets, it
is expected that tidal circularization would lead to nearly circular
orbits. Yet, several short-period planets appear to have eccentric
orbits. Several mechanisms (e.g. planet scattering, Kozai effect)
have been proposed to explain the observed eccentricity distribu-
tion (Takeda & Rasio 2005; Zhou & Lin 2007; Ford & Rasio 2008;
Juric´ & Tremaine 2008). This paper aims to improve our under-
standing of the true eccentricity distribution and its implications
for orbital evolution.
The Bayesian approach offers a rigorous basis for determin-
ing the posterior eccentricity distribution for individual system.
The Bayesian method is particularly advantageous relative to tra-
ditional bootstrap method when the orbital eccentricity is poorly
⋆ E-mail: jwang@astro.ufl.edu (JW); eford@astro.ufl.edu (EBF)
1 http://exoplanet.eu/; http://exoplanets.org/
constrained by RV data (Ford 2006). Ford (2006) discussed eccen-
tricity estimation using Markov Chain Monte Carlo (MCMC) sim-
ulation in the framework of Bayesian inference theory and found a
parameter set that accelerates convergence of MCMC for low ec-
centricity orbit. For a population of planets on nearly circular orbits,
eccentricity estimates for planets on circular orbit are biased re-
sulting in overestimation of orbital eccentricities (Zakamska et al.
2011). Further complicating matters, the population of known exo-
planets is not homogeneous, and the observed eccentricity distribu-
tion is affected by the discovery method, selection effects and data
analysis technique.
In this paper, we construct a catalog of short-period single-
planet systems using homogeneous RV data reduction process,
i.e., standard MCMC analysis (§2.1). In §2.2, we describe a new
method of estimating Keplerian orbital parameters, namely Γ anal-
ysis. We present the results for standard MCMC analysis in §3.
We compare the results of both methods with each other and the
results from previous references. We interpret the results to investi-
gate how tidal effect and perturbation affect the orbital eccentricity
distribution of short-period planets (§4). In §5, we provide an an-
alytical function for the underlying eccentricity distribution that is
able to reproduce the observed the eccentricity distribution. We dis-
cuss the results in §6 and summarize our conclusions in §7.
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2 METHOD
We select all the systems with: 1) a single known planet discovered
with the radial velocity technique as of April 2010; 2) an orbital pe-
riod of less than 50 days; and 3) a publicly available radial velocity
data set. We exclude planets discovered by the transit technique in
order to avoid complications due to selection effects (Gaudi et al.
2005). We perform an orbital analysis on each system in our sample
using: 1) a standard MCMC analysis (§2.1) and 2) a new method,
Γ analysis (described in §2.2). We focus on the eccentricity estima-
tion for each planet since the eccentricity is an important indication
of orbital evolution and tidal interaction.
2.1 Bayesian Orbital Analysis of Individual Planet
We performed a Bayesian analysis of the published radial velocity
observation using a model consisting of one low-mass companion
following a Keplerian orbit. If a long-term RV trend is included
in the original paper reporting the RV data or if a linear trend of
more than 1 m · s−1 · yr−1 is apparent, then we add to the model a
constant long-term acceleration due to distant planetary or stellar
companion.
We calculate a posterior sample using the Markov Chain
Monte Carlo (MCMC) technique as described in Ford (2006).
Each state in the Markov chain is described by the parameter set
~θ = {P,K, e, ω, M0,Ci, D, σ j}, where P is orbital period, K is the
velocity semi-amplitude, e is the orbital eccentricity, ω is the argu-
ment of periastron, M0 is the mean anomaly at chosen epoch τ, Ci is
constant velocity offset (subscript i indicates constant for different
observatory), D is the slope of a long-term linear velocity trend, and
σ j is the “jitter” parameter. The jitter parameter describes any addi-
tional noise including both astrophysical noises, e.g., stellar oscil-
lation, stellar spots (Wright et al. 2005) and any instrument noise
not accounted for in the reported measurement uncertainties. The
RV perturbation of a host star at time tk due to a planet on Keplerian
orbit and possible perturbation is given by
vk,~θ = K · [cos(ω + T ) + e · cos(ω)] + D · (tk − τ), (1)
where T is the true anomaly which is related to eccentric anomaly
E via the relation,
tan
(T
2
)
=
√
1 + e
1 − e tan
(E
2
)
. (2)
The eccentric anomaly is related to the mean anomaly M via Ke-
pler’s equation,
E(t) − e · sin[E(t)] = M(t) − M0 = 2πP (t − τ). (3)
We choose priors of each parameter as described in
Ford & Gregory (2007). The prior is uniform in logarithm of orbital
period. For K and σ j we use a modified Jefferys prior in the form of
p(x) ∝ (x + xo)−1 (Gregory 2005) with Kmin = σ j,min = 0.1 m · s−1.
Priors are uniform for: e (0 6 e 6 1), ω and M (0 6 ω, M < 2π),
Ci and D. We verified that the parameters in ~θ did not approach the
limiting values. We assume each observation results in a measure-
ment drawn from normal distribution centered at the true velocity,
resulting in a likelihood (i.e., conditional probability of making the
specified measurements given a particular set of model parameters)
of
p(~v|~θ, M) ∝
∏
k
exp[−(vk,~θ − vk)2/2σ2k]
σk
, (4)
Figure 1. Examples of how credible intervals of standard MCMC analysis
are calculated using posterior distribution of e. Grey region contains 68%
of total number of posterior samples of e.
where vk is radial velocity at time tk, and vk,θ is the model velocity
at time tk given the model parameters ~θ. Noise σk consists of two
parts. One component is from the observation uncertainty σk,obs re-
ported in the radial velocity data, and the other is the jitter, σ j,
which accounts for any unforseen additional noise including in-
strument instability and stellar jitter. The two parts are added in
quadrature in order to generate σk. We calculate the Gelman-Rubin
statistic, ˆR, to test for nonconvergence of Markov chains.
We perform a MCMC analysis for RV data set of each sys-
tem in the sample and obtain posterior samples of h and k, where
h = e cosω and k = e sinω. This parameterization has been shown
to be more effective in description of the eccentricity distribution
for low eccentric orbits (Ford 2006). We take steps in h and k and
adjust the acceptance rate according to the Jacobian of the coor-
diante transformation, so as to maintain a prior that is uniform in e
and ω. Mean values, ¯h and ¯k, from posterior samples of h and k are
adopted to calculate eMCMC using the equation eMCMC =
√
¯h2 + ¯k2.
The posterior distribution of e is not always Gaussian distribution
especially near e ∼0. Therefore, it is not appropriate to calculate the
uncertainty of e using the equation of error propagation in which
gaussian noise is assumed. We use posterior distribution of e to in-
fer the credible interval of e. The boundaries of the region where
68% posterior samples populate are adopted as elower and eupper
(Appendix A1). Fig. 1 illustrates two examples of how the credi-
ble intervals are inferred for HD 68988 (eccentric orbit) and HD
330075 (circular orbit).
2.2 Γ Analysis of Individual Systems
A fully Bayesian analysis of the population of exoplanet eccen-
tricities would be computationally prohibitive due to the large
number of dimensions. Therefore, we develop a hybrid Bayesian-
frequentist method to evaluate the significance of a non-zero ec-
centricity measurement. We combine a bootstrap style approach of
generating and analyzing synthetic data sets with MCMC analysis
of each synthetic data set to obtain a frequentist confidence level
for each eccentricity that accounts for biases. First, we perform the
standard MCMC analysis described in §2.1 on the real RV data
set and adopt the mean value of each orbital parameter in ~θ ex-
cept e. We generate a series of simulated radial velocity data sets
c© 2002 RAS, MNRAS 000, 1–14
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Figure 2. Contours of posterior distribution in h and k space for HD 68988
(Solid-68% of sample points included; dashed-95% of sample points in-
cluded; dotted-99% of sample points included). Red contours are poste-
rior distribution for real observation, green contours are for simulated RV
data set with e=0.00, and blue contours are for simulated RV data set
with e=0.13. Eccentricity of HD 68988 is 0.1250±0.0087 according to
Butler et al. (2006).
at different values of e. The adopted K is scaled accordingly to
K ∝ (1 − e2)−0.5. The simulated radial velocity data has the same
number of observations, and each simulated observation takes place
at exactly the same time and the same mean anomaly as the real ob-
servation. Gaussian noise with standard deviation of σk (§2.1) are
added to simulated radial velocity data sets at different eccentrici-
ties. Each simulated RV data set has the same reported RV measure-
ment uncertainties as the real RV observations. Standard MCMC
analysis is then performed on each of the simulated RV data sets.
For both real and simulated data sets, we construct a two-
dimensional histogram using the posterior samples in (h, k) space
to approximate a two-dimensional posterior distribution for h
and k, dr(hi, k j) and ds(hi, k j), where i and j denote bin in-
dices, and the subscripts r and s denote the real and sim-
ulated data set. We compare the distribution for each simu-
lated data set ds(hi, k j) to the distribution for real radial ve-
locity data set dr(hi, k j). To quantify the similarity between
ds(hi, k j) and dr(hi, k j), we calculate the statistic defined as Γ =
[
N∑
i=1
N∑
j=1
(ds(hi, k j) − µs) · (dr(hi, k j) − µr)]/[σsσr(N2 − 1)], where N
is the number of bins in h or k dimension, µ and σ represent mean
and standard deviation. In other words, the Γ statistic is obtained
by cross-correlating two posterior distributions in h and k space.
Fig 2 illustrates the process by which we obtain Γ for the case of
HD 68988. If ds(hi, k j) matches dr(hi, k j), we expect to obtain a Γ
value that approaches unity (blue and red contours). If the samples
differ significantly then Γ decreases towards zero (red and green
contours). For each eccentricity, we simulated 21 radial velocity
data sets and compare ds(hi, k j) with dr(hi, k j) to obtain 21 Γ statis-
tics between simulated and real RV data. We choose the median
value ¯Γ as an indicator of overall similarity at given eccentricity.
Based on above analysis of simulated radial velocity data with
different input eccentricities e, we obtain a relationship between ¯Γ
and e, i.e. ¯Γ(e). We use a high-order polynomial to interpolate for
¯Γ(e). We define e¯ to be the eccentricity at which ¯Γ(e) reaches max-
imum and we interpret e¯ as an estimator of eccentricity. For HD
68988 (Fig. 3), input eccentricity ranges from 0.00 to 0.29 with
step size of 0.01. ¯Γ(e) reaches maximum at e = 0.134. We estimate
Figure 3. ¯Γ as a function of eccentricity e for HD 68988. Open circles are
results from simulations, solid line is the result of polynomial fitting. The
long dashed line is the critical threshold, Γc,0.68 at the 68% confidence level.
statistical confidence level of e¯ using every pair of posterior eccen-
tricity samples calculated from the data sets that are generated as-
suming the same eccentricity. Consider the example of HD 68988
again: 21 sets of posterior distribution in h and k space, ds(hi, k j),
are obtained. Comparison between each pair gives a Γ statistic be-
tween simulated RV data. Σ20i=1 = 210 Γ statistics in total for simu-
lated RV data sets are calculated at eccentricity of 0.13 and 68.1%
of pairs (143 out of 210) have a Γ statistic greater than 0.3714. We
define this value, Γc,0.68, as the critical Γ value for HD 68988 at 68%
confidence level for e = 0.13. Therefore, if Γ statistic obtained in
comparison between ds(hi, k j) and dr(hi, k j) is less than Γc,0.68, we
argue that the eccentricity inferred from simulated RV data set is
not consistent with the observed eccentricity of the system at 68%
confidence level. In the case where e¯ is located between grids of
simulated e values, we calculate Γc,0.68 at e¯ using interpolation of
Γc,0.68 at nearby e values. We use a high-order polynomial to ap-
proximate the discrete data ¯Γ(e). The polynomial is later used to
infer e¯, lower and upper limit of eccentricity. For HD 68988, Γc,0.68
is 0.3663 at e¯ = 0.134 after interpolation. Using the relationship
between ¯Γ and e (Fig. 3), we look for the e values corresponding
to Γc,0.68 as estimators of the lower and upper limit for eccentric-
ity of the planet system at a 68% confidence level. In HD 68988,
we obtained e = 0.134+0.040−0.040 using Γ analysis. In comparison, we
have obtained e = 0.119+0.025−0.022 using a standard MCMC analysis
and Butler et al. (2006) reported e = 0.125 ± 0.009.
3 RESULTS FOR INDIVIDUAL PLANETS
In our sample of 50 short-period single-planet systems, we success-
fully analyzed 42 systems using Γ analysis, and 46 systems using
standard MCMC analysis (Appendix A1). All the error are based
on a 68% confidence level (Γ analysis) or a 68% credible inter-
val (MCMC). The unsuccessful cases in standard MCMC analy-
sis are HD 189733, HD 219828, HD 102195 and GJ 176. In HD
189733, most of the RV data points were taken during observation
of Rossiter-McLaughlin effect, which is not modeled here. MCMC
analysis fails for HD 219828 and GJ 176 because of low signal to
noise ratio (K=7 m · s−1 and nobs=20 for HD 219828 and K=4.1
m · s−1 and nobs=57 for GJ 176). RV data points of HD 102195
were taken at 3 observatories and MCMC analysis is complicated
c© 2002 RAS, MNRAS 000, 1–14
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Figure 4. Top: comparison between standard MCMC analysis (blue) and
previous references (red); Bottom: comparison between standard MCMC
analysis (blue) and Γ analysis (green). The systems where disagreements
take place are marked with a number: 1, HD 149026; 2, τ Boo; 3, HD
195019.
using different observatory offsets. In addition to the above, Γ anal-
ysis was unsuccessful for HD 162020, GJ 86, HD 17156 and HD
6434. Since Γ analysis involves generating simulated RV data, the
limited number of observations and partial phase coverage for these
systems can cause poor convergence for some simulated data sets.
These limitations become more severe for systems with high ec-
centricity (e.g. HD 17156, e = 0.684) since phase coverage is more
important for eccentric orbits.
3.1 Comparison: Standard MCMC and References
In Fig. 4 (top), we compare results from two sources, standard
MCMC analysis and previous references. In most cases the two
methods provide similar results. We found there are 3 systems for
which the eccentricity estimates are not consistent, i.e., the pub-
lished eccentricity error bar does not overlap the 68% credible in-
terval from our MCMC analysis. They are HD 149026, τ Boo, HD
195019. For HD 149026, Sato et al. (2005) set the eccentricity to
be zero when fitting the orbit. In contrast, we treat eccentricity as a
variable and the standard MCMC method found that the 68% credi-
ble interval for the systems mentioned above does not include zero.
In addition, HD 149026 b is a known transiting planet and transit
photometry provides additional constraints on eccentricity which
we have not included (Charbonneau 2003). Knutson et al. (2009)
measured ∆tΠ = 20.9+7.2−6.2 minute(2.9σ) for HD 149026 which is
inconsistent with zero eccentricity, because e > e cosω ≃ π2P∆tΠ,
where P is period and ∆tΠ is the deviation of secondary eclipse
from midpoint of primary transits. Standard MCMC results for
other two systems (τ Boo and HD 195019) are not consistent
with those from previous references even though eccentricity was
treated as variable in previous references. Butler et al. (2006) report
e = 0.023± 0.015 for τ Boo and e = 0.014± 0.004 for HD 195019.
On the contrary, standard MCMC analysis gives e=0.0787+0.0382−0.0246 for
τ Boo and e=0.0017+0.0049−0.0017 for HD 195019 (See Appendix A1).
3.2 Comparison: Standard MCMC and Γ Analysis
Fig. 4 (bottom) compares the results from standard MCMC anal-
ysis and Γ analysis. We find that the 68% credible/confidence in-
tervals for the two methods overlap in the cases where there are
discrepancies between standard MCMC analysis and previous ref-
erences (see § 3.1). The confidence interval from the Γ analysis is
generally larger than the credible interval from a standard MCMC
analysis. The larger uncertainty from Γ analysis is likely due to the
analysis accounting for the uncertainty in each velocity observation
twice, first when generating synthetic data sets and a second time
when analyzing the simulated data. Thus, the Γ analysis results in
slightly larger uncertainty in eccentricity estimation.
In order to understand the behavior of standard MCMC anal-
ysis and Γ analysis for planets on nearly circular orbits, we con-
duct an additional experiment generating many synthetic data sets
where each system has a single planet on a circular orbit. We as-
sume that they are observed at the same times and with the same RV
measurement precisions as actual RV data sets. In order to under-
stand the bias of each method for nearly circular systems, we com-
pare the output eccentricities and their uncertainties. Using stan-
dard MCMC analysis, we find that 76.4 ± 2.9% of the simulated
data sets are consistent with zero using a 68% credible interval,
and 23.6 ± 1.6% of the simulated data sets have 68% credible in-
tervals that do not include zero. In contrast, for 16.8 ± 1.4% of the
simulated data sets, the Γ analysis does not result in a 68% confi-
dence interval that includes zero. In both cases, more than 68% of
data sets are consistent with a circular orbit at a 68% level using ei-
ther method. Using the Γ analysis, 6.8 ± 3.0% more simulated data
sets are consistent with a circular orbit than based on the standard
MCMC analysis. This confirms our intuition that the Γ analysis is
a less biased method for analyzing systems at very small eccen-
tricity. Thus, the Γ analysis may be a useful tool in assessing the
significance of a measurement of a small non-zero eccentricity. In
particular, we find 5 cases (11.4%) in which elower=0 for Γ analysis
even though elower for MCMC is greater than zero (e.g., HD 46375,
HD 76700, HD 7924, HD 168746, HD 102117).
A similar experiment is conducted except that an eccentric-
ity of 0.2 is assigned to each system instead of zero eccentricity.
Again, we assess the accuracy of the two methods by comparing
the input and output eccentricities. When using the MCMC method,
we find that the 68% credible interval for the eccentricity does not
include the input eccentricity for 26.0 ± 2.1% of simulated data
sets. When using the Γ method, we find that the 68% confidence
interval for the eccentricity does not include the input eccentric-
ity for 18.9 ± 1.8% of simulated data sets. Again, there is a larger
fraction of results from the MCMC method that are not consistent
with the input at a sizable eccentricity, indicating Γ analysis is less
likely to reject the correct eccentricity. We also investigate the bias
of the two methods at a significant eccentricity (i.e. e=0.2). In the
cases where the output eccentricities are consistent with the input,
we find that 47.9 ± 3.3% of the output eccentricities are below 0.2
while 52.1 ± 3.5% of outputs are over 0.2 for MCMC method in-
dicating the MCMC method is not biased at a sizable eccentricity,
which agrees with the finding from Zakamska et al. (2011). In com-
parison, Γ analysis is also an unbiased analysis with 49.9 ± 3.3%
below input and 50.1 ± 3.3% exceeding input. Therefore, we find
no evidence for significant bias of either method for data sets with
a significant eccentricity.
3.3 Discussion of Γ Analysis
The different methods for analyzing Doppler observations are com-
plimentary. Bayesian methods and MCMC in particular are rou-
tinely used to sample from the posterior distribution for the Ke-
plerian orbital parameters for a given system. However, the anal-
ysis of an exoplanet population is more complicated than simply
c© 2002 RAS, MNRAS 000, 1–14
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performing a Bayesian analysis of each system. To illustrate this
point, consider a population of planets that all have exactly circu-
lar orbits. Due to measurement uncertainties and finite sampling,
the “best-fit” eccentricity for each system will be non-zero. Simi-
larly, since eccentricity is a positive-definite quantity, the analysis
of each system will result in a posterior distribution that has signifi-
cant support for e > 0. This property remains even if one combines
many point estimates (e.g., “best-fit”), frequentist confidence inter-
vals or Bayesian posterior distributions. While the posterior distri-
bution for the orbital parameters represents the best possible anal-
ysis of an individual system, the inevitable bias for nearly circular
orbits is a potential concern for population analyses. Therefore, it is
important to apply different methods for population analyses (e.g.,
Hogg et al. (2010); Zakamska et al. (2011)).
Since we intend to investigate the potential role of tidal ef-
fects on the eccentricity distribution of short-period planets, we
developed a hybrid technique to assess the sensitivity of our re-
sults to bias in the posterior distribution for planets with nearly cir-
cular orbits. This hybrid technique (Γ analysis) involves perform-
ing Bayesian analyses of each individual planetary system along
with several simulated data sets, each of varying eccentricity. The
MCMC analysis of each data set allows us to account for the vary-
ing precision of eccentricity measurements depending on the ve-
locity amplitude, measurement precision, number of observations
and phase coverage. We assess the extent of the eccentricity bi-
ases by performing the same analysis on simulated data sets with
known eccentricity. We compare the posterior densities for the ac-
tual data set to the posterior density for each of the simulated data
sets to determine which input model parameters are consistent with
the observations. We can construct frequentist confidence intervals
based on Monte Carlo simulations (i.e., comparing the posterior
distributions for the synthetic data sets to each other).
The basic approach of the Γ analysis is similar to likelihood-
free methods more commonly used in approximate Bayesian com-
putation. In this case, we do have a likelihood which allows us to
sample from the posterior probability distribution using standard
MCMC. We compare the posterior densities calculated for several
simulated data sets to the posterior density of the actual observa-
tions, so as to assess the accuracy and bias of the standard MCMC
analysis.
The problem of biased eccentricity estimators for nearly cir-
cular orbits is familiar from previous studies of binary stars. In par-
ticular, Lucy & Sweeney (1971) investigated the possibility of mis-
takenly assigning an eccentric orbit to a circular spectroscopic bi-
nary due to inevitable measurement errors. As many spectroscopic
binaries may have been affected by tidal circularization, they sug-
gested assigning a circular orbit to any system for which the eccen-
tricity credible interval contained 0. When studying a population of
systems for which circular orbits are common, this approach sig-
nificantly reduces the chance of erroneously concluding the system
has a non-zero eccentricity. One obvious disadvantage of this ap-
proach is that it would lead to a negative bias for systems where the
eccentricity is of order σ/K, where σ is the typical measurement
precision and K is the velocity amplitude. For binary stars, σ/K
may be small enough that this is not a significant concern. For exo-
planets, where σ/K may be as small as ∼ 2 − 3, such a procedure
would result in a significant negative bias for many systems. The Γ
analysis offers an alternative approach, which may be particularly
useful when analyzing the eccentricity distribution of a population
of planetary systems.
For the sake of comparison, we consider a modernized ver-
sion of the Lucy & Sweeney (1971) approach which is based on
Figure 5. Cumulative distributions functions (CDFs) of eccentricities from
different methods. The solid red line is for eMCMC , adopted from MCMC
method (Appendix A1). The dotted red line is similar to MCMC, but any
eccentricity with elower of 0 for a 95% credible interval is assigned to 0.
The blue lines are for Γ analysis, where the solid line is for eΓ from the Γ
analysis (Appendix A1) and the dotted line is similar, but any eccentricity
with elower of 0 for a 95% confidence interval is assigned to 0.
the posterior distribution from a standard MCMC analysis or the
confidence interval from our Γ analysis. We construct a histogram
or cumulative distribution of the eccentricities for a population of
systems, using a single summary statistic for each system: the pos-
terior mean for the standard MCMC analysis or the eccentricity that
maximizes the Γ statistic. Following Lucy & Sweeney (1971), we
adopt an eccentricity of zero for any system for which the 95% sig-
nificance level (Γ method) or the 95% credible interval (MCMC)
includes e = 0. The cumulative distribution functions of the eccen-
tricities using different methods are plotted in Fig. 5. Based on the
generalized Lucy & Sweeney (1971) approach, ∼81% (70%) of the
short-period planet systems in our sample are consistent with circu-
lar orbits using the Γ analysis (standard MCMC analysis). Clearly,
the Lucy & Sweeney (1971) approach results in a large fraction
being assigned a circular orbit, largely due to the choice of a 95%
threshold. The fraction assigned a circular orbit is sensitive to the
size of the credible interval used when deciding whether to set each
eccentricity to zero. There is no strong justification for the choice of
the 95% threshold (as opposed to 68% or 99.9% threshold) and tun-
ing the threshold to agree with other methods negates the primary
advantage of the Lucy & Sweeney (1971) method, that it requires
no additional computations. Therefore, we do not recommend us-
ing the Lucy & Sweeney (1971) approach to learn about the ec-
centricity distribution for a population when σ/K is not large.
4 TIDAL INTERACTION BETWEEN STAR AND
PLANET
Several factors affect the eccentricity distribution of short-period
planets including tidal interaction between host star and planet and
possible perturbation of an undetected companion. We will discuss
how these factors affect the eccentricity distribution and whether
the effect is observable.
In order to understand the influence of tidal interaction on ec-
centricity distribution, we first divide our sample into two subsets,
one subset contains systems with a long-term RV trend while the
other subset contains systems that do not show a long-term RV
trend (Fig. 6). The systems that are noted with a long-term ve-
c© 2002 RAS, MNRAS 000, 1–14
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Figure 6. Distribution of short-period single-planet systems in (e,τage/τcirc)
space. Filled circles are systems showing no linear RV trend and open cir-
cles are systems showing long-term linear RV trends. Different colors indi-
cate different combinations of Q′∗ and Q′p
locity trend include 51 PEG, BD -10 3166, GJ 436, GJ 86, HD
107148, HD 118203, HD 149143, HD 68988, HD 7924, HD 99492
and τ Boo. We further divide the no-trend subset into two groups,
one group is distinguished by τage/τcirc > 1, and the other group
is distinguished by τage/τcirc < 1, where τcirc is tidal circulariza-
tion time scale and τage is the age of the host star. We investigate
whether there is a significant difference in the eccentricity distri-
bution between these two groups as expected if tidal interaction
is an important factor in shaping eccentricity distribution. Follow-
ing Matsumura et al. (2008), we estimate τcirc using:
τcirc =
2
81
Q′p
n
Mp
M∗
 aRp

5Q
′
p
Q′∗
MpM∗

2R∗Rp

5
F∗ + Fp

−1
, (5)
where the subscripts p and ∗ denote planet and star, M is mass, R
is radius, a is semi-major axis, Q′ is modified tidal quality factor
and n = [G(M∗ + Mp)/a3]1/2 is the mean motion. Matsumura et al.
(2008) adopted 106 as a typical value for Q′∗ for short period plan-
etary system host stars and considered Q′p ranging from 105 to 109.
We use Q′∗ = [106, 107] and Q′p = [105, 107, 109] in our analysis.
The factors F∗ and Fp are defined in the following two equations:
F∗ = f1(e2) − 1118 f2(e
2)Ω∗,rot
n
, (6)
Fp = f1(e2) − 1118 f2(e
2)Ωp,rot
n
, (7)
where Ω is rotational frequency. For short-period planets one could
set Ωp,rot/n = 1 based on the assumption that all the planets in our
sample have been synchronized since τsynch ∼ 10−3τcirc (Rasio et al.
1996). In order to check whether our conclusion is sensitive to
the choice of Ω∗,rot/n, we conduct calculations with other Ω∗,rot/n
values in which we choose stellar rotation period to be 3, 30,
and 70 days for all the stars. We find that this range for Ω∗,rot/n
does not change the conclusions in the paper. Therefore, for fu-
ture discussion, we adopt Ω∗,rot/n = 0.67, which results in stel-
lar rotation periods consistent with typical values from 3 to 70
days (Matsumura et al. 2008). The uncertainties in Ω∗,rot/n are ac-
counted for by our subsequent data analysis (Equation. 10). And f1
and f2 are approximated by the equations:
f1(e2) = (1 + 154 e
2 +
15
8 e
4 +
5
64 e
6)/(1 − e2)13/2, (8)
f2(e2) = (1 + 32 e
2 +
1
8
e4)/(1 − e2)5. (9)
Planet radius Rp is estimated based on Fortney et al. (2007).
We assume that the planet and host star are formed at the same
epoch. We assume that planet structure is similar to Jupiter with
a core mass fraction of 25M⊕/MJ = 7.86%. Radii of GJ 436 b
and HD 149026 b are adopted from reference papers because there
is a factor of >2 difference between observed values (Torres et al.
2008) and theoretically calculated values. Stellar radius and age
estimations are obtained from the following sources with descend-
ing priority: 1, Takeda et al. (2007); 2, nsted.ipac.caltech.edu; 3,
exoplanet.eu. The calculated τcirc values are presented in Appendix
A2 in addition to the results of MCMC analysis of individual sys-
tem and other stellar and planetary properties.
We use the eccentricity posterior samples for each system for
which the standard MCMC analysis was successful (i.e., results of
§2.1) to construct the eccentricity samples of two groups separated
by τage/τcirc. We note that there are considerable uncertainties in
the estimation of τage and τcirc, so τage/τcirc > 1 does not necessar-
ily mean that the actual system age is larger than the actual circu-
larization time. We consider the sensitivity of our results to these
uncertainties by adopting a probability function:
ρ( τage
τcirc
) =

1 − 0.5 exp
 − η · ( τageτcirc − 1)
 if τageτcirc > 1
0.5 exp
 − η · ( τcircτage − 1)
 if τageτcirc < 1
(10)
where η is a parameter tuning the confidence of τage and τcirc esti-
mation. For example, if τage/τcirc = 2 and η = 1, then ρ(τage/τcirc) =
0.816, meaning there is 81.6% chance that the system is from the
group of τage/τcirc > 1 because of the uncertainties in τage and τcirc
estimation. Therefore, we take 81.6% of the eccentricity posterior
samples of the system to construct eccentricity sample for the group
of τage/τcirc > 1 and the remaining 18.4% eccentricity posterior
samples to construct eccentricity sample for group of τage/τcirc < 1.
The η parameter reflects our confidence in τage and τcirc estimation.
If we are not very confident in the estimation of τage and τcirc , then
we set η to a small value approaching zero, so half of the eccen-
tricity posterior samples for each system are assigned to the group
with τage/τcirc > 1 and the the other half are assigned to the group
with τage/τcirc < 1. After constructing the eccentricity sample for
the two groups, we use two-sample K-S test to test the null hy-
pothesis that these two samples from two groups were drawn from
the same parent distribution. The results (Table 1) show that we
are unable to exclude the null hypnosis at a low p value (statis-
tic of two-sample K-S test) because of the small effective sample
size (N′∼8). If ∆max = 0.2, where ∆max is the maximum difference
between cumulative distribution functions of two groups, we can
exclude the null hypnosis at p = 0.05 only if N′ is more than 44. In
comparison, our current sample size is inadequate to draw a statis-
tically significant conclusion on whether or not the the groups are
from the same parent distribution. However, we do see a hint of a
difference between cumulative distribution functions of two groups
(Fig. 7 left), there are more systems with low-eccentricity for the
group with τage/τcirc < 1, which is a consequence of tidal circular-
ization. We also find that the conclusion is unchanged for a wide
range of η, Q′∗, and Q′p values.
We conduct similar test for two subsets distinguished by
whether or not a long-term velocity trend is recognized and find the
similar result that our current sample size is inadequate to draw a
statistically significant conclusion on whether or not the the groups
are from the same parent distribution. Again, we see a hint of a
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Figure 7. The left panel compares the cumulative distribution function of
eccentricity for two groups of planets: 1) τage/τcirc > 1 (solid line) and 2)
τage/τcirc < 1 (dotted line). The right panel compares cumulative distribu-
tion functions of eccentricity for two subsets of planets: planets without a
long-term RV slope (dashed line) and planets with a long-term RV slope
(dash-dotted line).
Table 1. Two-sample K-S test result. ∆max is the maximum difference be-
tween cumulative distribution functions of eccentricity for two groups sep-
arated by τage/τcirc = 1. N′ is the effective sample size, calculated by
(N1 · N2)/(N1 + N2), p is the significance level at which two-sample K-S
test rejects the null hypothesis that the two eccentricity samples are from
the same parent distribution; η is a parameter tuning the confidence of τage
and τcirc estimation.
Q′p 105 107 109
Q′∗ = 106
η=1000
∆max 0.088 0.175 0.086
N′ 7.57 8.76 7.57
p 1.00 0.93 1.00
η=1
∆max 0.103 0.160 0.093
N′ 7.72 8.72 7.02
p 1.00 0.97 1.00
η=0.001
∆max 0.043 0.027 0.061
N′ 8.59 8.50 8.08
p 1.00 1.00 1.00
Q′∗ = 107
η=1000
∆max 0.088 0.286 0.190
N′ 7.57 8.42 2.80
p 1.00 0.43 1.00
η=1
∆max 0.103 0.259 0.168
N′ 7.72 8.36 2.81
p 1.00 0.56 1.00
η=0.001
∆max 0.040 0.027 0.065
N′ 8.61 8.39 7.67
p 1.00 1.00 1.00
difference between cumulative distribution functions of two sub-
sets (Fig. 7 right) although it is not statistically significant. There
are more systems with low-eccentricity for subsets showing no sign
of external perturbation. The maximum difference between the cu-
mulative distribution functions ∆max is 0.123, N′ is 8.37 and K-S
statistic is 0.999. In that case, we need an effective sample size of
119 in order to make a statistically significant conclusion (p=0.05).
In other cases, larger sample size is required since ∆max is less.
We have shown that any difference in eccentricity distribu-
tion depending on expected time scale for tidal circularization or
the presence of additional bodies capable of exciting inner planet’s
eccentricity is not statistically significant, although this may be a
consequence of small effective sample size. The data are also con-
sistent with the argument that both factors play roles in affecting
the eccentricity distribution.
5 ECCENTRICITY DISTRIBUTION
We seek an analytical function that is able to approximate the ob-
served eccentricity distribution for short period single planetary
systems in the framework of Bayesian inference. For this purpose,
we first exclude systems showing long-term RV trends to reduce
the effect of perturbation on the estimated eccentricity distribution.
We also assume that the distribution of τage/τcirc in our sample is
representative of short-period single-planet systems.
Using the posterior samples of eccentricity from standard
MCMC analysis, we obtain an observed eccentricity probability
density function (pdf) f (e) by summing the posterior distributions
together. While not statistically rigorous, this provides a simple
summary of our results. Logarithmic binning is adopted because
the shape of f (e) at low eccentricity is of particular interest. The
uncertainty σ(e) for each bin is set by assuming a Poisson distri-
bution. Then, we use a brute-force Bayesian analysis to find the
most probable values of parameters for the candidate eccentric-
ity pdf f ′(e) that approximates the observed eccentricity pdf. In
the observed eccentricity pdf, there is a pile-up in small eccen-
tricities near zero and a scatter of nonzero eccentricity less than
0.8. Therefore, we use a mixture of two distributions: an expo-
nential pdf fexpo(e, λ) = (1/λ) · exp(−e/λ) to represent the pile-
up of small eccentricity near zero and either a uniform distribu-
tion or a Rayleigh distribution (Juric´ & Tremaine 2008) to repre-
sent the population with sizable eccentricities. We assume a uni-
form distribution for parameters in prior Σ(~θ), where ~θ is vec-
tor containing the parameters for f ′(e). Our results are not sen-
sitive to the choice of priors. We adopt Poisson likelihood for
each bin in the form of fPoisson(n; ν) = (νn · exp(−ν))/n!, i.e.,
L(ei|~θ) = fPoisson
(
f ′(ei|~θ) · N; f (ei) · N
)
, where N is total num-
ber of posterior samples. The value of f ′(ei|~θ) · N is rounded if
it is not an integer. The posterior distribution of ~θ is calculated as
p(~θ|~e) =
[ M∏
i
Σ(~θ)L(ei|~θ)
] 1
M
/ ∫ [ M∏
i
Σ(~θ)L(ei|~θ)
] 1
M d~θ , where M is
the number of bins. We have explored a range of bin size from
10 to 40 bins in logarithmal space and conclude that the results of
Bayesian analysis do not change significantly with choice of bin
size. Since the plausible values of parameters for f ′(e) are limited,
we do not have to explore a large parameter space. Therefore, a
brute-force Bayesian analysis is practical.
We apply Bayesian analysis to three different planet popu-
lations for different η values (η=0.001,1,1000) assuming Q′∗ =
107 and Q′P = 107: 1) systems without a long-term RV slope
and τage/τcirc > 1; 2) systems without long-term RV slope and
τage/τcirc < 1; 3) the union of 1) and 2). The results of Bayesian
analysis are presented in Table 2. Fig 8 shows marginalized proba-
bility density of different parameters for analytical eccentricity dis-
tribution with a mixture of exponential and Rayleigh distributions
( f ′(e) = α · fexpo(e, λ)+ (1−α) · frayl(e, σ)). α is the fraction of expo-
nential distribution component and frayl(e, σ) represents Rayleigh
distribution with the form of frayl(e, σ) = (e/σ2) · exp (−e2/2σ2).
Group 1 (potentially circularized system) is represented by dashed
lines of different colors indicating different values of η while group
2 (systems unlikely to have been circularized) is represented by col-
ored solid lines. Group 1 and group 2 are well mixed if η=0.001,
i.e., a loose constraint is applied on the boundary of τage/τcirc = 1.
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Figure 8. Marginalized probability density functions of parameters for ana-
lytical eccentricity distribution with a mixture of exponential and Rayleigh
pdfs. Uncircularized systems (group 2) are represented by colored solid
lines while circularized systems (group 1) are represented by colored
dashed lines. Different colors indicate different η values, red: η = 0.001;
green: η = 1; blue: η = 1000. Solid black lines are for union of group 1 and
2.
When adopting η=0.001, the marginalized posterior pdfs for both
groups 1 and 2 approach the marginalized pdf for group 3 (solid
black lines; the union of group 1 and 2, including all planets with-
out a velocity slope). When we adopt larger η values (η=1 or 1000),
α, the fraction of the exponential component of the pdf is greater for
group 1 (Fig 8 top: blue and green dashed lines) than group 2 (Fig
8 top: blue and green solid lines). This is consistent with the hy-
pothesis that significant tidal circularization affected group 1. For
group 1, the fraction of the exponential component of the pdf is
consistent with unity, implying that the eccentricity distribution for
planets from group 1 can be described by an exponential pdf. In
comparison, there is a substantial fraction of Rayleigh component
(40%) for the analytical function describing eccentricity distribu-
tion for uncircularized systems (i.e., group 2). Similar conclusions
are also drawn for the analytical eccentricity distribution with a
mixture of exponential and uniform distribution (Fig 9) in the form
of f ′(e) = α · fexpo(e, λ) + (1 − α) · funi f (e, β), where funi f (e, β) is
uniform distribution with lower boundary of 0 and upper boundary
of β. Fig. 10 shows the cumulative distribution of the eccentric-
ities sample based on summing the posterior eccentricity samples
of each system (green solid line) and the CDFs of the two analytic
functions (blue dotted and dashed) with the parameters that maxi-
mize the posterior probability (see Table 2, subset 3). For compar-
ison, the cumulative distribution of eMCMC from standard MCMC
analysis (Appendix A1) is shown in red. The difference between
the red and the green line cannot be distinguished at 0.05 signifi-
cant level in a K-S test (N′=46).
In order to check whether the analytical function with the most
probable parameters is an acceptable approximation to the eccen-
tricity distribution for short-period single-planet systems, we gen-
erate test samples from the analytical functions and compare the
resulting eccentricity samples to observations. For each test sample
there are N′ eccentricities following the distribution of the analyti-
cal function f ′(e|ˆθ), where N′ is the effective sample size. Each ec-
centricity is perturbed by an simulated measurement error that fol-
lows the distribution of posterior samples for our analysis of the ac-
tual observations. The test sample is then compared to the observed
eccentricity samples obtained by standard MCMC analysis using
Figure 9. Marginalized probability density functions of parameters for an-
alytical eccentricity distribution with a mixture of exponential and uniform
pdf. Uncircularized systems (group 2) are represented by colored solid lines
while circularized systems (group 1) are represented by colored dashed
lines, red: η = 0.001; green: η = 1; blue: η = 1000. Different colors in-
dicate different η values. Solid black lines are for union of group 1 and 2.
Figure 10. Cumulative distributions functions (cdf) of eccentricities from
different methods. MCMC: most probable eccentricities, eMCMC , adopted
from MCMC method (Appendix A1); MCMC, sum: eccentricities by sum-
ming up posterior distribution samples of each system; AF1: cdf of the ana-
lytical function with the most probable parameters, f ′(e) = α · fexpo(e, λ) +
(1−α)· frayl(e, σ); AF2: cdf of the analytical function with the most probable
parameters, f ′(e) = α · fexpo(e, λ) + (1 − α) · funi f (e, β).
two-sample K-S test. We report in Table 2 the percentage of tri-
als in which eccentricity samples generated by our analytical func-
tion can not be differentiated from the observed eccentricity sample
at 0.05 confidence level. All the candidate analytical functions we
have tested are able to reproduce the observed eccentricity distribu-
tion in more than 99.6% of the trials at 0.05 confidence level. We
conclude that the best-fit analytical function is an adequate approx-
imation to observed eccentricity distribution. We also compare to
analytical eccentricity distribution used in Shen & Turner (2008)
f ′(e) ∼ [1/(1 + e)a − e/2a] in which a=4, although it is not specifi-
cally for short period single planetary systems. Similar to what we
did in previous test, we found that in 39.0% of the tests, the eccen-
tricity samples generated by analytical functions can not be differ-
entiated from the observed eccentricity sample at 0.05 confidence
level.
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Table 2. Bayesian analysis results. Group 1: systems without long-term RV slope and τage/τcirc > 1; group 2: systems without long-term RV slope and
τage/τcirc < 1; group 3: union of 1 and 2. Numbers in bracket are uncertainties of the last two digits. The f raction column reports the percentage of trials in
which eccentricity testing samples generated by analytical function can not be differentiated from the observed eccentricity sample at 0.05 confidence level.
η subset f
′(e) = α · fexpo(e, λ) + (1 − α) · frayl(e, σ) f ′(e) = α · fexpo(e, λ) + (1 − α) · funi f (e, β)
λ[×10−2] α[×10−1] σ[×10−1] fraction λ[×10−2] α[×10−1] β[×10−1] fraction
0.001 1 6.83(84) 7.61(40) 3.38(36) 100.0% 7.08(82) 7.35(38) 7.56(41) 100.0%2 6.67(59) 7.56(32) 3.15(22) 100.0% 6.86(59) 7.32(33) 7.06(23) 100.0%
1.000 1 7.71(58) 9.78(20) 0.83(54) 99.6% 7.96(59) 10.0(12) 1.8(11) 99.9%2 5.55(53) 6.10(31) 3.19(16) 100.0% 5.55(57) 5.66(34) 7.12(18) 100.0%
1000. 1 7.41(72) 8.9(12) 0.95(24) 99.9% 7.62(56) 9.2(11) 2.10(57) 100.0%2 5.24(49) 5.95(30) 3.27(16) 100.0% 5.11(53) 5.44(33) 7.20(19) 100.0%
3 6.67(47) 7.54(25) 3.22(19) 100.0% 6.89(47) 7.33(26) 7.22(20) 100.0%
Figure 11. Distribution of short-period single-planet systems in our sample
in period-eccentricity space (top: p 6 10 day; bottom: p > 10 day). Systems
that are not consistent with zero eccentricity according to Γ analysis (filled
circles) or MCMC analysis (open circles) are marked with corresponding
names. We also include transiting planets (marked as cross) for comparison.
Transiting systems not consistent with zero eccentricity are marked with
numbers: 1, WASP-18; 2, WASP-12; 3, WASP-14; 4, HAT-P-13; 5, WASP-
10; 6, XO-3; 7, WASP-6; 8,WASP-17; 9, CoRoT-5; 10, HAT-P-11; 11, HAT-
P-2.
From the results of Bayesian analysis, there is a clear differ-
ence in α, the fraction of exponential distribution, between group 1
and 2, suggesting the role played by tidal circularization. Group 1
with τage/τcirc > 1 shows more planets with near-zero eccentricities
(α ∼ 75%) as compared to group 2 (α ∼ 55%) with τage/τcirc < 1
(Table 2). Since the eccentricity samples tested were perturbed by
measurement errors, the analytical function we found can be in-
terpreted as an approximation of the underlying eccentricity distri-
bution of short-period single-planet systems. However, the actual
parameter values and uncertainties in the analytical function are de-
pendent upon the quality of observation and the number of systems
in the sample of short-period single planets. As the measurement
precision and the sample size improve, we will be able to better
constrain the values of parameters in the analytical function which
approximates the underlying eccentricity distribution.
6 DISCUSSION
The median eccentricity of short-period single-planet systems in
our sample is 0.088. When compared to median eccentricity for all
the detected exoplanets 0.15, it suggests that the population may
be affected by tidal circularization. We use eccentricity estimated
by Γ analysis in the following discussion since it is a less biased
method for accessing small eccentricity. Fig. 11 shows the period-
eccentricity correlation. We would expect planets with sufficient
short period to be tidally circularized. While this is generally true,
there are 3 (17.6%) planets with P < 4d and non-circular orbits:
GJ 436, HD 149026 and τ Boo. For GJ 436, it is suspected that an
outer companion may be pumping the eccentricity (Maness et al.
2007; Ribas et al. 2008). Similarly, observations of τ Boo b are in-
consistent with circular orbit, but might be explained by the pertur-
bation of an unseen companion indicated by a long-term RV linear
trend (Butler et al. 2006). Secondary eclipse timing indicates that
the eccentricity of HD 149026 is quite small but inconsistent with
zero (Knutson et al. 2009). Considering planets with orbital peri-
ods up to 10 days, there are 4 additional systems that are not cir-
cularized. HD 118203, HD 68988 and HD 185269 might be due to
perturbations by additional bodies in the system (Butler et al. 2006)
while the non-zero eccentricity of HD 162020 b may be attributed
to a different formation mechanism (Udry et al. 2002). With period
longer than 10 days, there are 8 (44.4%) planets with τage/τcirc > 1
which have non-zero eccentricity and no detected long-term linear
trend. In comparison, there are 8 (28.6%) eccentric planets with or-
bital periods less than 10 days. The increasing fraction of recogniz-
ably eccentric orbits as period increases is suggestive of decreasing
tidal circularization effect, but large sample of planets is required to
draw firm conclusion. The discovery of over 705 planets candidates
by the Kepler mission presents an excellent opportunity to ana-
lyze the eccentricity distribution of short-period planets (Ford et al.
2008; Borucki et al. 2011). We briefly consider transiting planets.
We note that 11 of 58 (19.0%) transiting systems as of June 2010
are not consistent with zero eccentricity, and the orbital periods for
all transiting planets but 3 (i.e. CoRoT-9b, HAT-P-13c HD 80606b)
are less than 10 days. We infer that the tidal circularization pro-
cess might be effective for isolated planets with orbital period of
less than 10 days. Alternatively, the planet formation and migra-
tion processes for short-period giant planet may naturally lead to a
significant fraction of nearly circular orbits, even before tidal effect
takes place.
It is worth noting that HD 17156 b (Fischer et al. 2007) has
one of the most eccentric orbits among short-period planet sys-
tems in spite the fact that τage/τcirc could be well over 10 (Fig 6,
red). However, Barbieri et al. (2009) found no indications of addi-
tional companions based on observations of directing imaging, RV
and astrometry measurement. Anglada-Escude´ et al. (2010) inves-
tigated the possibility that a 2:1 resonant orbit can be hidden by
an eccentric orbital solution. It is interesting to explore such pos-
sibility on this particular system to solve the discrepancy of high
eccentricity and τage to τcirc ratio. Another possibility is that the
system is in the process of circularization that began well after the
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star and planet formed (e.g., due to planets scattering). However,
we are cautious in drawing conclusions since τage/τcirc could be
less than unity (Fig 6, green and blue).
7 CONCLUSION
We apply standard MCMC analysis for 50 short-period single-
planet systems and construct a catalog of orbital solutions for these
planetary systems (Appendix A2). We find general agreement be-
tween MCMC analysis and previous references with the primary
exception being cases where eccentricity was held fixed in previ-
ous analysis. We develop a new method to test the significance of
non-circular orbits (Γ analysis), which is better suited to perform-
ing population analysis. We find the eccentricity estimations from
Γ analysis are consistent with results from both standard MCMC
analysis and previous references.
Our results suggest that both tidal interactions and external
perturbations may play roles in shaping the eccentricity distribu-
tion of short-period single-planet systems but large sample sizes
are needed to provide sufficient sensitivity to make these trends sta-
tistically significant. We identify two analytical functions that ap-
proximate the underlying eccentricity distribution: 1) mixture of an
exponential distribution and a uniform distribution and 2) a mixture
of an exponential distribution and a Rayleigh distribution. We use
Bayesian analysis to find the most probable values of parameters
for the analytical functions given the observed eccentricities (Table
2). The analytical functions can be interpreted as the underlying
distribution of eccentricities for short-period single-planet systems.
Thus, the analytical functions can be used in the future theoretical
works or as priors for eccentricity distribution.
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APPENDIX A:
A1 Comparison of Eccentricities Calculated From Different Methods
Name Ref. MCMC Γ
ere f δere f eMCMC elower eupper eΓ elower eupper
HD 41004 B 0.081 0.012 0.058 0.000 0.109 0.000 0.000 0.085
HD 86081 0.008 0.004 0.058 0.008 0.166 0.013 0.001 0.098
HD 189733 0.000 0.000 ... ... ... ... ... ...
HD 212301 0.000 ... 0.015 0.000 0.051 0.034 0.000 0.091
GJ 436 0.159 0.052 0.191 0.146 0.248 0.223 0.128 0.295
HD 63454 0.000 ... 0.018 0.000 0.038 0.003 0.000 0.017
HD 149026 0.000 ... 0.192 0.118 0.270 0.182 0.050 0.344
HD 83443 0.012 0.023 0.007 0.000 0.020 0.006 0.000 0.037
HD 46375 0.063 0.026 0.052 0.030 0.084 0.065 0.000 0.121
HD 179949 0.022 0.015 0.014 0.000 0.024 0.013 0.000 0.042
τ Boo 0.023 0.015 0.079 0.054 0.117 0.086 0.034 0.139
HD 330075 0.000 ... 0.019 0.000 0.087 0.008 0.000 0.095
HD 88133 0.133 0.072 0.076 0.000 0.127 0.086 0.000 0.175
HD 2638 0.000 ... 0.041 0.000 0.076 0.005 0.000 0.042
BD -10 3166 0.019 0.023 0.010 0.000 0.030 0.019 0.000 0.064
HD 75289 0.034 0.029 0.021 0.000 0.043 0.000 0.000 0.063
HD 209458 0.000 ... 0.008 0.000 0.016 0.005 0.000 0.018
HD 2198281 0.000 ... ... ... ... ... ... ...
HD 76700 0.095 0.075 0.062 0.003 0.104 0.045 0.000 0.104
HD 149143 0.000 ... 0.012 0.000 0.022 0.009 0.000 0.014
HD 102195 0.000 ... ... ... ... ... ... ...
51 Peg 0.013 0.012 0.007 0.000 0.014 0.006 0.000 0.020
GJ 6742 0.100 0.020 0.070 0.000 0.147 0.047 0.000 0.131
HD 49674 0.087 0.095 0.050 0.000 0.119 0.000 0.000 0.073
HD 109749 0.000 ... 0.045 0.000 0.070 0.042 0.000 0.143
HD 7924 0.170 0.160 0.119 0.022 0.224 0.054 0.000 0.297
HD 118203 0.309 0.014 0.293 0.264 0.328 0.297 0.218 0.367
HD 68988 0.125 0.009 0.118 0.096 0.143 0.134 0.094 0.174
HD 168746 0.107 0.080 0.079 0.025 0.139 0.086 0.000 0.155
HD 1852693 0.276 0.037 0.276 0.242 0.314 0.279 0.175 0.389
HD 162020 0.277 0.002 0.277 0.274 0.279 ... ... ...
GJ 1764 0.000 ... ... ... ... ... ... ...
HD 130322 0.011 0.020 0.007 0.000 0.052 0.031 0.000 0.086
HD 108147 0.530 0.120 0.526 0.429 0.624 0.556 0.302 0.698
HD 4308 0.000 0.010 0.068 0.000 0.123 0.060 0.000 0.111
GJ 86 0.042 0.007 0.042 0.034 0.051 ... ... ...
HD 99492 0.050 0.120 0.036 0.000 0.125 0.056 0.000 0.115
HD 27894 0.049 0.008 0.024 0.000 0.045 0.029 0.000 0.093
HD 33283 0.480 0.050 0.458 0.401 0.523 0.483 0.386 0.544
HD 195019 0.014 0.004 0.002 0.000 0.007 0.006 0.000 0.014
HD 102117 0.121 0.082 0.068 0.038 0.121 0.052 0.000 0.119
HD 171565 0.684 0.013 0.683 0.672 0.691 ... ... ...
HD 6434 0.170 0.030 0.159 0.124 0.202 ... ... ...
HD 192263 0.055 0.039 0.026 0.000 0.055 0.015 0.000 0.118
HD 117618 0.420 0.170 0.352 0.233 0.511 0.381 0.212 0.538
HD 224693 0.050 0.030 0.031 0.000 0.055 0.019 0.000 0.089
HD 436916 0.140 0.020 0.090 0.055 0.133 0.104 0.021 0.182
ρ Crb 0.057 0.028 0.048 0.000 0.069 0.055 0.000 0.123
HD 456527 0.380 0.060 0.434 0.371 0.496 0.443 0.299 0.588
HD 107148 0.050 0.170 0.028 0.000 0.141 0.073 0.000 0.221
References: 1 Melo et al. (2007); 2 Bonfils et al. (2007); 3 Johnson et al. (2006); 4 Forveille et al. (2009); 5 Barbieri et al. (2009); 6 da Silva et al. (2007); 7 Santos et al. (2008); ere f and δere f are from Butler et al. (2006) if otherwise noted.
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A2 Catalog of Short-Period Single-Planet Systems
Name P K e ω M0 τ trend Jitter Nobs M∗ R∗ MP RP τcirc τage RV
(day) (m · s−1 ) (deg) (deg) (day) (m · s−1 · d−1) (m · s−1 ) (M⊙) (R⊙) (MJ ) (RJ ) (Gyr) (Gyr) ref.
HD 41004B 1.32363±8.91594e-05 4599.21±337.57 0.0580+0.0511−0.0580 149.0±72.2 119.5±72.1 2452532.699 ...±... 2761.45±168.90 149 0.40 0.40 18.40 1.06 0.26 6.32 7
HD 86081 1.99809±0.00677822 189.65±12.09 0.0575+0.1080−0.0501 -27.4±71.5 64.8±74.5 2453753.2 ...±... 32.13±5.74 26 1.21 1.22 1.50 1.08 0.56 6.21 8
HD 1897331 2.2186±0.0005 205±6 0±0.0002 90 270 2454037.612 ...±... 15 86 ... ... ... ... ... ... 9
HD 212301 2.24571±0.000147699 57.26±3.01 0.0147+0.0365−0.0147 172.8±85.6 56.0±85.6 2453388.9 ...±... 8.53±1.78 23 1.05 1.19 0.40 1.07 0.28 5.90 11
GJ 436 2.64394±9.85041e-05 18.07±1.03 0.1912+0.0571−0.0449 -5.6±15.3 -66.6±14.5 2452992.1 0.0037±0.0015 0.41±1.46 55 0.41 0.46 0.07 0.38 5.57 6.00 6
HD 63454 2.81747±0.000382247 63.19±1.82 0.0177+0.0203−0.0177 -122.9±76.2 25.7±76.3 2453238.057 ...±... 5.70±1.22 26 0.80 0.78 0.39 1.06 0.67 1.00 12
HD 149026 2.87807±0.00146571 54.63±11.90 0.1918+0.0777−0.0743 114.2±25.9 10.9±22.5 2453545.35 ...±... 2.41±3.26 17 1.30 1.50 0.36 0.65 3.46 2.00 6
HD 83443 2.98572±5.30373e-05 56.00±1.05 0.0070+0.0135−0.0070 117.3±82.2 134.0±82.0 2452248.9 ...±... 3.12±1.67 51 1.00 1.02 0.40 1.04 1.10 11.68 6
HD 46375 3.02358±6.44902e-05 33.67±0.81 0.0524+0.0320−0.0229 113.7±34.3 -53.2±34.3 2451920.7 ...±... 3.28±0.60 50 0.92 0.94 0.23 1.02 0.67 11.88 6
HD 179949 3.0925±3.30046e-05 112.62±1.77 0.0104+0.0099−0.0104 -170.7±63.4 42.4±63.3 2452419.1 ...±... 9.44±1.06 88 1.21 1.22 0.92 1.05 2.90 2.56 6
τ Boo 3.31249±3.12595e-05 469.59±14.86 0.0787+0.0382−0.0246 -141.6±25.0 24.4±24.9 2450529.2 -0.051±0.0036 94.30±8.13 98 1.35 1.33 4.13 1.06 4.12 1.64 6
HD 88133 3.41566±0.000841134 34.13±3.57 0.0761+0.0508−0.0761 -2.8±60.4 -39.5±60.1 2453180.0 ...±... 5.67±1.61 21 1.20 1.93 0.30 1.00 1.49 9.56 6
HD 2638 3.43752±0.00823876 66.26±2.83 0.0407+0.0351−0.0407 126.9±78.6 -123.4±77.7 2453323.282 ...±... 5.48±4.87 28 0.93 1.01 0.48 1.04 2.38 3.00 12
BD -10 3166 3.4878±0.000104858 60.53±1.44 0.0104+0.0192−0.0104 -14.6±83.9 36.6±83.7 2451844.7 0.005±0.0026 4.00±1.74 31 1.01 0.84 0.46 1.03 2.70 1.84 6
HD 75289 3.50928±7.2946e-05 54.84±1.87 0.0211+0.0217−0.0211 136.3±73.9 -162.2±74.1 2452593.9 ...±... 4.73±1.73 30 1.21 1.28 0.47 1.03 3.03 3.28 6
HD 209458 3.52472±2.81699e-05 84.30±0.88 0.0082+0.0078−0.0082 43.8±68.4 92.5±68.5 2452499.3 ...±... 3.27±0.86 64 1.14 1.14 0.69 1.05 4.07 2.44 6
HD 330075 3.6413±0.00187111 97.84±8.79 0.0187+0.0684−0.0187 38.2±91.6 35.2±91.7 2452968.399 ...±... 24.59±5.00 21 0.70 0.90 0.62 1.06 1.97 6.21 13
HD 2198282 3.833±0.0013 7±0.5 0 0 0 2453898.63 ...±... 1.7 27 ... ... ... ... ... ... 2
HD 76700 3.97101±0.000203194 27.24±1.31 0.0616+0.0426−0.0587 12.3±54.3 45.6±53.8 2452655.1 ...±... 1.35±4.21 35 1.13 1.34 0.23 0.99 2.80 9.84 6
HD 149143 4.07206±0.000320041 149.28±1.65 0.0123+0.0093−0.0115 -155.2±55.9 -150.9±55.9 2453413.1 0.027±0.0056 0.48±1.96 17 1.20 1.61 1.33 1.05 7.01 7.60 14
HD 1021953 4.1138±0.000557 63±2 0 0 0 2453895.96 ...±... 6.1 59 ... ... ... ... ... ... 3
51 PEG 4.2308±3.72905e-05 55.65±0.53 0.0069+0.0066−0.0069 54.1±72.3 85.1±72.3 2450404.4 -0.0045±0.00046 0.27±0.91 256 1.09 1.18 0.47 1.03 6.61 6.76 6
GJ 674 4.6944±0.00182591 9.46±1.09 0.0700+0.0766−0.0700 0.5±71.2 77.6±71.1 2453823.784 ...±... 3.55±0.55 32 0.35 0.46 0.04 1.13 0.21 0.55 15
HD 49674 4.94739±0.000974925 11.78±1.18 0.0495+0.0691−0.0495 -96.1±79.3 82.4±79.3 2452308.9 ...±... 3.56±0.82 39 1.06 0.95 0.10 0.98 3.25 3.56 6
HD 109749 5.23921±0.000935533 28.49±1.12 0.0451+0.0250−0.0451 72.3±55.8 -155.1±55.8 2453426.3 ...±... 0.31±1.10 20 1.21 1.28 0.28 0.99 12.04 10.30 14
HD 7924 5.39785±0.00096697 3.74±0.44 0.1186+0.1050−0.0970 25.0±55.6 62.1±54.8 2454096.65 0.35±0.07 2.59±0.22 93 0.83 0.78 0.03 1.05 0.61 0.88 16
HD 118203 6.13322±0.00129898 213.75±6.67 0.2943+0.0342−0.0298 -27.3±5.5 -2.9±4.8 2453351.2 0.14±0.0166 23.08±3.96 43 1.23 2.15 2.14 1.05 3.68 4.60 17
HD 68988 6.27699±0.0002195 184.63±4.69 0.1187+0.0246−0.0216 32.4±11.2 61.3±10.8 2452441.3 -0.065±0.0056 13.30±2.34 28 1.18 1.14 1.86 1.05 80.15 3.40 6
HD 168746 6.40398±0.000979461 28.41±1.38 0.0791+0.0595−0.0541 14.8±47.2 -147.2±47.3 2452510.8 ...±... 0.41±1.62 16 0.93 1.04 0.25 0.99 20.31 12.40 6
HD 185269 6.83796±0.00119146 89.39±4.20 0.2758+0.0386−0.0334 173.3±6.4 -99.4±5.9 2453795.0 ...±... 7.70±2.10 30 1.28 1.88 0.94 1.04 19.34 4.20 8
HD 162020 8.42826±7.76104e-05 1808.84±5.26 0.2765+0.0023−0.0025 -151.2±0.3 68.3±1.0 2451672.02 ...±... 11.02±3.43 46 0.78 0.74 15.00 0.98 148.00 0.76 19
GJ 1764 8.783±0.0054 4.1±0.52 0 0 0 2454399.8 ...±... 2.5 57 ... ... ... ... ... ... 4
HD 130322 10.7086±0.00184045 108.10±7.31 0.0068+0.0455−0.0068 128.3±93.9 -10.4±93.8 2452430.2 ...±... 10.25±3.79 12 0.88 0.85 1.09 1.04 670.08 10.80 6
HD 108147 10.8984±0.00316767 24.60±3.62 0.5161+0.0979−0.0966 -54.4±14.0 -68.0±9.9 2452407.0 ...±... 8.65±1.49 54 1.19 1.25 0.26 0.98 8.43 3.20 6
HD 4308 15.5646±0.0213556 4.20±0.34 0.0682+0.0547−0.0682 -166.9±60.6 -13.0±59.5 2453338.121 ...±... 0.58±0.78 41 0.90 0.92 0.05 1.00 169.24 8.68 20
GJ 86 15.765±0.000382114 376.64±2.79 0.0416+0.0092−0.0073 -93.7±12.4 -76.8±12.0 2452199.4 -0.260±0.0029 10.67±1.62 42 0.77 0.80 3.91 1.05 6701.62 8.48 6
HD 99492 17.0495±0.00525091 8.39±0.98 0.0364+0.0891−0.0364 -138.6±93.6 -137.6±93.5 2452523.85 0.0035±0.00066 3.96±0.51 86 0.86 0.76 0.11 0.96 692.89 1.80 21
HD 27894 18.0059±0.0163248 56.88±1.75 0.0240+0.0211−0.0240 131.3±66.5 -60.0288±66.5 2453344.278 ...±... 4.48±1.07 20 0.75 0.90 0.62 1.02 3620.33 3.90 12
HD 33283 18.1801±0.00830584 24.48±2.41 0.4576+0.0656−0.0569 156.0±9.6 -60.0±7.4 2453560.0 ...±... 0.27±0.94 24 1.24 1.20 0.33 0.99 203.12 3.20 8
HD 195019 18.2018±0.000595221 269.70±1.60 0.0017+0.0049−0.0017 -127.4±47.4 -175.5±47.3 2451844.0 ...±... 10.50±1.22 154 1.07 1.38 3.69 1.05 4051.07 9.32 6
HD 102117 20.8210±0.01006465 10.20±0.91 0.0685+0.0529−0.0647 137.6±72.0 -9.5±72.5 2452931.7 ...±... 0.57±1.73 44 1.11 1.26 0.17 0.95 3205.49 9.40 6
HD 17156 21.2178±0.00371004 279.88±8.43 0.6829+0.0080−0.0106 121.3±1.1 -156.7±1.2 2454111.21 ...±... 3.68±0.64 34 1.24 1.63 3.20 1.04 19.10 8.00 10
HD 6434 21.9975±0.0127604 34.30±1.52 0.1589+0.0434−0.0345 155.4±15.8 -14.2±15.5 2451753.933 ...±... 7.39±1.15 130 0.79 0.57 0.40 1.00 4393.14 6.85 22
HD 192263 24.3546±0.00507675 51.13±2.62 0.0256+0.0297−0.0256 -147.0±78.9 -56.7±78.9 2451867.6 ...±... 6.99±1.31 31 0.81 0.77 0.64 1.02 14630.88 2.56 6
HD 117618 25.8221±0.0155045 12.25±1.70 0.3524+0.1583−0.1192 -105.6±22.9 -123.3±21.1 2452838.0 ...±... 3.30±1.20 57 1.09 1.20 0.18 0.95 1435.34 5.68 6
HD 224693 26.732±0.0245934 39.73±1.54 0.0313+0.0236−0.0313 11.6±68.6 162.5±68.9 2453607.2 ...±... 1.00±2.78 23 1.33 1.70 0.71 1.03 23506.41 2.00 8
HD 43691 36.9916±0.0350715 125.98±4.06 0.0897+0.0432−0.0346 91.3±26.2 16.7±24.9 2454046.7 ...±... 10.35±2.58 36 1.38 1.92 2.49 1.04 42743.17 2.80 18
ρ Crb 39.8459±0.00917865 65.25±2.20 0.0476+0.0218−0.0476 -62.1±42.2 -172.6±42.5 2451181.1 ...±... 0.65±2.79 26 1.00 1.28 1.09 1.03 166705.71 7.64 6
HD 45652 43.6896±0.105825 35.76±2.84 0.4339+0.0625−0.0632 83.2±12.8 77.7±10.2 2453692.66 ...±... 8.38±2.20 45 0.83 1.04 0.47 1.01 12199.36 5.00 23
HD 107148 48.6168±3.59204 10.01±4.15 0.0279+0.1135−0.0279 126.5±90.8 -50.1±88.8 2452799.9 0.003±0.0012 3.53±1.04 35 1.14 1.12 0.21 0.96 122900.60 5.60 6
References: 1 Bouchy et al. (2005); 2 Melo et al. (2007); 3 Ge et al. (2006); 4 Forveille et al. (2009); 5 Maness et al. (2007); 6 Butler et al. (2006); 7 Zucker et al. (2004); 8 Johnson et al. (2006); 9 Winn et al. (2006); 10 Winn et al. (2009); 11 Lo Curto et al. (2006); 12 Moutou et al.
(2005); 13 Pepe et al. (2004); 14 Fischer et al. (2006); 15 Ge et al. (2006); 16 Bonfils et al. (2007); 17 Howard et al. (2009); 18 da Silva et al. (2006); 19 da Silva et al. (2007); 20 Udry et al. (2002); 21 Udry et al. (2006); 22 Marcy et al. (2005); 23 Mayor et al. (2004); 24 Santos et al.
(2008). Stellar radius and age estimations are obtained from the following sources with descending priority: 1, Takeda et al. (2007); 2, nsted.ipac.caltech.edu; 3, exoplanet.eu. τcirc is calculated assuming Q′∗ = 107 and Q′p = 107
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